Standard calculus stuff

iz .. : L jz _ -jz _ 17 jz —jz -1_1 da —b
e/? = cosz +jsinz sinz Zj(e e ) cosz—z(e +e ) A _|A|(—C a)
ffpf(x: y)dxdy = fD1 fi(x) dx sz f()dy Polar coordinates: x = ucosv;y = usinv

oxdy 0xd
[l fGey) dx dy = [fp, £(x @, v),y(wv) J(,v) dudv; J(u,v) = |22 22

Dirac delta stuff
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Convolution stuff

Convolution (linear & shift-invariant): f * g(x,y) = [[ f(w,v) g(x —u,y — v) dudv

Cross-correlation: f x g(x,y) = f(x,y) * g(=x,—y)* = [[ f(w,v) glu — x,v — y)* du dv

Continuous-space Fourier transform stuff
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o Differentiation:

o Moments:

o Affine transformation®:
o Hermitian symmetry:
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m*(f, g} = (F.G)

Je.g., scaling & A = (ﬂ b) flax, by) Fourier lab| = F(a™ wz, b Lwy).

Affine: set f(x,y) = g(ax,by); A = (8 2)

o Parseval theorem:
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Filter stuff
Normalised gaussian filter: Original Gaussian Directional blur High-
. _(xz+¥2)
~ 2107 e =
Low-pass: H(t+oo,+0) =0
High-pass: H(0,0)=0




Sampling stuff

sin wx , cos wx = bandlimited in [t w]

sinc wx = bandlimited in [+7w]

Shannon-Whittaker-Kotel'nikov sampling theorem
If the image f(x,y) to reconstruct is such that its Fourier transform satisfies the

bandlimitation condition
|wa| < w
F(wy,wy) #0 *
) ] <o
then the continuous image can be reconstructed exactly from its samples alone
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The reconstruction formula takes the form of an infinite sum of shifted cardinal
sine functions (Shannon's summation formula)

flz,y) = LE[: fET,,1T),) sinc (% = JC) sinc (% — F) .

Nyquist: Wsampling = 20™

Sampling: f (x, y): f(kTy, IT,)

In the frequency domain, sampling amounts to periodization because (Poisson
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Exact reconstruction

Nyquist condition
is not possible

is satisfied

Invariance stuff

Linearity (separable, reversible)

Examples of linear systems

Geometric deformations
S{I(z,y)} = I{ulz. y), vz, y¥))

Examples of non-linear systems

Quantization
S{I(z,y)} =a'|a x I(z,y)]

S{image}

maging system
or processing
S{image}

Shift-invariance (not relative to an anchor point)

Examples of shift-variant systems

Geometric deformations

Examples of shift-invariant systems

Quantization vz, y))

I(u(x,y)

s }.

S{I(z, 1)}

S{I(z,y)} = a"|a x

o |
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Global brightness changes
e e e St Occlusions S{I(z, i)} = alx,y) I(x,y)
S } ‘.
S S{shified image -
Image quality stuff
FWHM
- max
x2+y?

half max

FWHM/Resolution = 26V2In2;f =e 202

Modulation global contrast ratio:
_ fmax = fmin

m =
! fmax + fmin

Local contrast:

fe—=1» . _fmax+fmin_
=gy

C= fo = finax

Power-based SNR:

signal variance
SNR = 10log;, —o—2 208
noise variance

Amplitude-based SNR:

2
_ max signal amplitude
Peak SNR = 20 10g10 noise standard deviation

Radiography stuff
L _ mc? 2
Relativistic KE = \/ﬁ —me Beer’s Law: [ = [,e #&* E =hf
2
- 1 _ In2
Compton shift: E' = E (1 + (1 —cosH) mEcz) == g HHVL HVL = ==




H ionisation energy = 13.6eV = 2.18 x 10718] | Local contrast: C = Itl_—lb SNR=C /photon count

b
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I(x,y) = j E- SO(E)e_fo " u(s Exy) ds dE ;r(x,y) = ’dz +x2 4+ y2 = 050 1 rem = 0.87 roentgen
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Computed Tomography stuff

detector (£, 0)

g : (1,0) = f u(lcos@ — ssin@,lsinfB + ssinB) ds
{iﬂﬂw Filtered backprojection formula
£ < Consider the 1D “ramp” filter ¢({) characterized by? C'(w) = |w|. V
) g Assume that what is known of the image f(x,y) is its Radon projections Ry f at

all angles between 0 and 7 radians (i.e., 0 to 180 degrees). Then, the image
f(z,y) can be reconstructed as follows

Q Filter the projections using the ramp filter: hy(¢) = ¢(f) « Ro [ (£)

, 1 .
Q Backproject the result: f(x,y) = 5 l” hg(x cos@ + ysin 6) d

1
T:0 =0° N:0 =45° calculus in the sense of distributions shows that c(f) = ——.
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Radon transform: ——
Rof () = [f(lcos® —ssinf,lsinb + ssin ) ds
= [[ f(x,y)8(xcosO + ysin@ — 1) dx dy

{xz lcos@ —ssin®
y =1lsinf + ssinf ;

Fourier slice theorem: F(Rgf (1)) = Fy,(f(w cos 0, w sinh)) ~
1 . Hounsfield unit: h = 1000 x £-Fwater
Rof (D) = EJT’W(]C((D cos 0, wsinfh)) e/ dw Hwater

RB(Il *xy 12)(1) = (Roly ¥, Rgl)(6,D)
Fi(Ro (L #5y L)) = Fry (I #5y ) 058, wsin0)) = Fy(Rg L (1) F (R 5 (1) = Fi((Roly % Rol2)(6, 1))

Magnetic Resonance Imaging stuff

x > rad/s; x = Hz;, x = 2nx u=yl w=vyB

Rotating frame k-space trajectory:
T, excitation: M,(t) = M, cos(yB;t)
T, excitation: M, (t) = jM, cos(yB;t)

t

Ty relaxation: M,(t) = My — (Mo — Myinitiar)e ™
t

T, relaxation: My, (t) = Myy initiai®

Laboratory frame
T, excitation: M,(t) = M, cos(yBit) _
T, excitation: M, (t) = jM, cos(yB;t) e ~J¥Bot

t
Ty relaxation: M,(t) = My — (Mg — My inisiar)e ™ [
¢ a)t=0 b)t=T ) t=2T d)t=3T

T, relaxation: My, (t) = My iniriqie "2e /7Bt

Spin echo
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equiibrium state: spins aligned along Bo /2-pulse: 'spins aligned along § faster and slower spins o b BT

Angle linear interpolation

Larmor frequency: w = wy +yG,z; z = wy_G(jO Bandwidth: Aw = yG,Az = o' € [w + %Aw]
1 1 _ 2 — 2m
Ak = Tov Aw = p— FOV, = e FOV,, _yTpAGy




Nuclear Imaging stuff
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N(t) = Nge™ A(t) = ANyje ™ tr, = “72 ©
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d(x,y) = Efo A(xyz) o~ #xy2 E)az 4, A(x,y,2) = Ay (%,9)8(z — )
Z=Ya X7 = %Z ay (X, Vi) 4 Scintillation Crystal
T —_

Resolution: R¢(|z[) = (L + b + |z)

-4
Gaussian Blurring PSF: ho(x,y,|z]) = e Re

Ay (xy) — E)d
d(x,y) = 4[7)1:22 e f uxyzo.E) Z*hC(x'y'lzoD
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Sensitivity: e = m

A
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Collimator

Point Source

number of detected photons

number of pixels

SNRintrinsic = \/

SNR = contrast X Jbackground photon fluence

SPECT stuff

{x= lcosO —ssinf
y =1sinf + scosf

/'f

oL, 8,7) = fR A(x(5),y(s),2) —f pu(x(s")y(s").z) ds’ ds

-  (s=R)?

2z
e
Gamma
Camera

Bold approxiamtlon reconstruction (u = 0):

@ ¢(1,6,2) = [, Alx(),y(s), 2) ds

= [[ A(x,y,2)8(x cos @ + ysinf — 1) dx dy
@ Ramp filtering: hg(1,2z) = c(l) *; (1,0, 2)
® Backprojection: A(x,y,z) =

~("h (xcosB +ysinf,z)do
omJo 16 y

Patient

PET stuff

Attenuation: e Jor K&y (s).2) ds

Radioactivity: [*, A(x(s),y(s), 2) ds

_(R R
$(1,0,2) = € x e~ -rrEODYODD S 5 [T A(x(5),y(s),2) ds

R
Attenuation correction: ¢.(L, 8,2z) = ¢ (1, 0, z) X e/-r#ExE).Y($)2) ds

= ffRA(x(s),y(s),z) ds = [[ A(x,y,2)6(x cos@ + ysinf —

1) dx dy

Trigonometric identities

sin®x + cos?x =1 sec’x —tan’x =1

csc?x —cot’x =1

sinkx sinmx

.k .
= ksinc=x;sincx =
T X

sin(x + y) = sinx cosy + cosx siny

cos(x +y) = cosxcosy F sinxsiny

sin2x = 2sinx cosx

cos2x = cos?x —sin®x =1—2sin?x = 2cos?x — 1

2tanx
1-tan2x

3tanx—tan3x
1-3tan2x

tan2x = tan3x =

tanx =

sin2x __ 1-cos 2x

1+cos2x  sin2x

1—cos2x
1+cos2x

sin3x = 3sinx — 4sin3 x

cos3x = 4cos® x —3cosx

sinxsiny = %[cos(x —y) —cos(x+y)]
COSXCOSy = %[cos(x — ) + cos(x + y)]
sinxcosy = %[sin(x +y) + sin(x — y)]

x+ xF
x+ x—
cosx +cosy =2 cos—ycosTy
x
COSX —COSy = -2 sm—ysm 23’

sinx * siny = 2 sin




