
Standard calculus stuff 

𝑒𝑗𝑧 = cos 𝑧 + 𝑗 sin 𝑧 sin 𝑧 =
1

2𝑗
(𝑒𝑗𝑧 − 𝑒−𝑗𝑧)  cos 𝑧 =

1

2
(𝑒𝑗𝑧 + 𝑒−𝑗𝑧)  𝐀−1 =

1

|𝐀|
(
𝑑 −𝑏
−𝑐 𝑎

)  

∬ 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦
𝒟

= ∫ 𝑓1(𝑥)𝑑𝑥𝒟1
∫ 𝑓2(𝑦) 𝑑𝑦𝒟2

  Polar coordinates: 𝑥 = 𝑢 cos𝑣 ; 𝑦 = 𝑢 sin𝑣 

∬ 𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦
𝒟

= ∬ 𝑓(𝑥(𝑢, 𝑣), 𝑦(𝑢, 𝑣)) 𝐽(𝑢, 𝑣) 𝑑𝑢 𝑑𝑣
𝒟′ ;  𝐽(𝑢, 𝑣) = |

𝜕𝑥

𝜕𝑢

𝜕𝑦

𝜕𝑣
−

𝜕𝑥

𝜕𝑣

𝜕𝑦

𝜕𝑢
|  

 

Dirac delta stuff 

∫𝛿(𝑥 + 𝑎)𝑓(𝑥) 𝑑𝑥 = 𝑓(−𝑎)  𝛿(𝑥 + 𝑎) ∗ 𝛿(𝑥 + 𝑏) = 𝛿(𝑥 + 𝑎 + 𝑏) 

𝛿(𝑥 + 𝑢, 𝑦 + 𝑣) = 𝛿(𝑥 + 𝑢)𝛿(𝑦 + 𝑣) 𝑓(𝑥, 𝑦) = ∬𝑓(𝑢, 𝑣) 𝛿(𝑥 − 𝑢, 𝑦 − 𝑣)𝑑𝑢 𝑑𝑣  

𝛿(𝑎𝑥) =
1

|𝑎|
𝛿(𝑥);  𝛿(𝑎𝑥, 𝑏𝑦) =

1

|𝑎𝑏|
𝛿(𝑥, 𝑦)  𝑓(𝑥, 𝑦)𝛿(𝑥 + 𝑎, 𝑦 + 𝑏) = 𝑓(−𝑎, −𝑏)𝛿(𝑥 + 𝑎, 𝑦 + 𝑏) 

∫ 𝛿(𝑥 + 𝑎) 𝑑𝑥
𝒟

= {
1, −𝑎 ∈ 𝒟
0, −𝑎 ∉ 𝒟

  
𝑓(𝑥, 𝑦) ∗ 𝛿(𝑥 + 𝑎, 𝑦 + 𝑏) = 𝑓(𝑥 + 𝑎, 𝑦 + 𝑏) 

 
𝛿(𝑢, 𝑣) = ||𝐀−1||𝛿(𝑥, 𝑦); (

𝑢
𝑣
) = 𝐀(

𝑥
𝑦) 

 

Convolution stuff 

Convolution (linear & shift-invariant): 𝑓 ∗ 𝑔(𝑥, 𝑦) = ∬𝑓(𝑢, 𝑣) 𝑔(𝑥 − 𝑢, 𝑦 − 𝑣)𝑑𝑢 𝑑𝑣 

Cross-correlation: 𝑓 ⋆ 𝑔(𝑥, 𝑦) = 𝑓(𝑥, 𝑦) ∗ 𝑔(−𝑥,−𝑦)∗ = ∬𝑓(𝑢, 𝑣) 𝑔(𝑢 − 𝑥, 𝑣 − 𝑦)∗ 𝑑𝑢 𝑑𝑣 

 

Continuous-space Fourier transform stuff 

𝐹(𝜔𝑥 , 𝜔𝑦) = ∬𝑓(𝑥, 𝑦)𝑒−𝑗𝑥𝜔𝑥𝑒−𝑗𝑦𝜔𝑦 𝑑𝑥 𝑑𝑦  𝑓(𝑥, 𝑦) =
1

4𝜋2
∬𝐹(𝜔𝑥 , 𝜔𝑦)𝑒

𝑗𝑥𝜔𝑥𝑒𝑗𝑦𝜔𝑦 𝑑𝜔𝑥 𝑑𝜔𝑦  

𝐹(𝜔𝑥 , 𝜔𝑦)𝐺(𝜔𝑥 , 𝜔𝑦) = ∬𝑓 ∗ 𝑔(𝑥, 𝑦)𝑒−𝑗𝑥𝜔𝑥𝑒−𝑗𝑦𝜔𝑦 𝑑𝑥 𝑑𝑦  

 

Translation:      𝑓(𝑥 + 𝑥0, 𝑦 + 𝑦0)
ℱ
→𝐹(𝜔𝑥, 𝜔𝑦)𝑒

𝑗(𝑥0𝜔𝑥+𝑦0𝜔𝑦) 

 

Affine: 𝐬𝐞𝐭 𝑓(𝑥, 𝑦) = 𝑔(𝑎𝑥, 𝑏𝑦); 𝐀 = (
𝑎 0
0 𝑏

)… 

 

𝑒−
1

𝜎
(𝑥2+𝑦2)    

ℱ
→     𝜋𝜎𝑒−

𝜎

4
(𝜔𝑥

2+𝜔𝑦
2)              

 

       

sin 𝑎𝑥
ℱ
→− 𝑗𝜋(𝛿(𝜔 − 𝑎) − 𝛿(𝜔 + 𝑎)) cos𝑎𝑥

ℱ
→𝜋(𝛿(𝜔 − 𝑎) + 𝛿(𝜔 + 𝑎)) 

sin(𝑎𝑥 + 𝑏𝑦)
ℱ
→2𝑗𝜋2 (𝛿(𝜔𝑥 + 𝑎)𝛿(𝜔𝑦 + 𝑏) − 𝛿(𝜔𝑥 − 𝑎)𝛿(𝜔𝑦 − 𝑏)) 

cos(𝑎𝑥 + 𝑏𝑦)
ℱ
→2𝜋2 (𝛿(𝜔𝑥 − 𝑎)𝛿(𝜔𝑦 − 𝑏) + 𝛿(𝜔𝑥 + 𝑎)𝛿(𝜔𝑦 + 𝑏)) 

 

 

 

Scaling     𝑓(𝑘𝑡)   |
1

𝑘
|𝑓 (

1

𝑘
𝜔)  

 

𝐹(𝜔𝑥 , 𝜔𝑦) = 𝐹(−𝜔𝑥, −𝜔𝑦)
∗
 for real-valued 𝑓(𝑥, 𝑦) 𝛿(𝑥 + 𝑦)

ℱ
→2𝜋𝛿(𝜔𝑥 −𝜔𝑦) 

 

Filter stuff 

Normalised gaussian filter: 

ℎ =
1

2𝜋𝜎2
𝑒
−
(𝑥2+𝑦2)

2𝜎2   

Original 

 

Gaussian 

 

Directional blur 

 

High-pass 

 

Low-pass: 𝐻(±∞,±∞) = 0 

High-pass: 𝐻(0, 0) = 0 
 

 



Sampling stuff 

sin𝜔𝑥 , cos𝜔𝑥 ⇒ bandlimited in [±𝜔] sinc𝜔𝑥 ⇒ bandlimited in [±𝜋𝜔] 

 
Nyquist: 𝜔sampling ≥ 2𝜔max 

Sampling: 𝑓(𝑥, 𝑦): 𝑓(𝑘𝑇𝑥 , 𝑙𝑇𝑦) 

 

 

Invariance stuff 

Linearity (separable, reversible) 

       

Shift-invariance (not relative to an anchor point) 

      

 

Image quality stuff 

 

𝐅𝐖𝐇𝐌/𝐑𝐞𝐬𝐨𝐥𝐮𝐭𝐢𝐨𝐧 = 2𝜎√2 ln 2 ; 𝑓 = 𝑒
−
𝑥2+𝑦2

2𝜎2  

Modulation global contrast ratio: 

𝑚𝑓 =
𝑓𝑚𝑎𝑥 − 𝑓𝑚𝑖𝑛

𝑓𝑚𝑎𝑥 + 𝑓𝑚𝑖𝑛
 

Local contrast: 

C = |
𝑓𝑡 − 𝑓𝑏
𝑓𝑏

| ; 𝑓𝑏 =
𝑓𝑚𝑎𝑥 + 𝑓𝑚𝑖𝑛

2
; 𝑓𝑏 = 𝑓𝑚𝑎𝑥 

Power-based SNR: 

SNR = 10 log10
signal variance

noise variance
dB  

Amplitude-based SNR: 

Peak SNR = 20 log10
max signal amplitude

noise standard deviation
dB  

 

Radiography stuff 

Relativistic KE =
𝑚𝑐2

√1−
𝑣2

𝑐2

−𝑚𝑐2  
Beer’s Law: 𝐼 = 𝐼0𝑒

−𝜇Δ𝑥 𝐸 = ℎ𝑓 

Compton shift: 𝐸′ = 𝐸 (1 + (1 − cos𝜃)
𝐸

𝑚𝑐2
)
−1

 
1

2
= 𝑒−𝜇 HVL  HVL =

ln 2

𝜇
  



H ionisation energy = 13.6eV = 2.18 × 10−18J Local contrast: C =
𝐼𝑡−𝐼𝑏

𝐼𝑏
 SNR = 𝐶√photon count̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

𝐼(𝑥, 𝑦) = ∫ 𝐸 ∙ 𝑆0(𝐸)𝑒
−∫ 𝜇(𝑠,𝐸,𝑥,𝑦)𝑑𝑠

𝑟(𝑥,𝑦)
0 𝑑𝐸

∞

0

; 𝑟(𝑥, 𝑦) = √𝑑2 + 𝑥2 + 𝑦2 =
𝑑

cos 𝜃
 1 rem = 0.87 roentgen 

 

Computed Tomography stuff 

 
↑: 𝜃 = 0°; ↖ : 𝜃 = 45° 

↺ : 𝜃 ↑ 

𝑔(𝑙, 𝜃) = ∫𝜇(𝑙 cos 𝜃 − 𝑠 sin𝜃 , 𝑙 sin𝜃 + 𝑠 sin 𝜃)𝑑𝑠  

 

Radon transform: 

ℛ𝜃𝑓(𝑙) = ∫𝑓(𝑙 cos 𝜃 − 𝑠 sin𝜃 , 𝑙 sin 𝜃 + 𝑠 sin 𝜃)𝑑𝑠  

= ∬𝑓(𝑥, 𝑦)𝛿(𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝑙) 𝑑𝑥 𝑑𝑦  

 
{ 
𝑥 = 𝑙 cos 𝜃 − 𝑠 sin𝜃
𝑦 = 𝑙 sin 𝜃 + 𝑠 sin 𝜃

 

Fourier slice theorem: 𝓕𝑙(ℛ𝜃𝑓(𝑙)) = 𝓕𝑥,𝑦(𝑓(𝜔 cos 𝜃 , 𝜔 sin𝜃)) 

ℛ𝜃𝑓(𝑙) =
1

2𝜋
∫𝓕𝑥,𝑦(𝑓(𝜔 cos 𝜃 , 𝜔 sin𝜃)) 𝑒𝑗𝜔𝑙 𝑑𝜔 

Hounsfield unit: ℎ = 1000 ×
𝜇−𝜇water

𝜇water
 

ℛ𝜃(𝐼1 ∗𝑥,𝑦 𝐼2)(𝑙) = (ℛ𝜃𝐼1 ∗𝑙 ℛ𝜃𝐼2)(𝜃, 𝑙) 

𝓕𝑙 (ℛ𝜃(𝐼1 ∗𝑥,𝑦 𝐼2)(𝑙)) = 𝓕𝑥,𝑦 ((𝐼1 ∗𝑥,𝑦 𝐼2)(𝜔 cos 𝜃 , 𝜔 sin 𝜃)) = 𝓕𝑙(ℛ𝜃𝐼1(𝑙))𝓕𝑙(ℛ𝜃𝐼2(𝑙)) = 𝓕𝑙((ℛ𝜃𝐼1 ∗𝑙 ℛ𝜃𝐼2)(𝜃, 𝑙)) 

 

Magnetic Resonance Imaging stuff 

𝑥 ⇒ rad/𝑠;  𝑥 ⇒ 𝐻𝑧;  𝑥 = 2𝜋𝑥  𝜇 = 𝛾𝐼 𝜔 = 𝛾𝐵 

Rotating frame 

 𝐓𝟏 excitation: 𝑀𝑧(𝑡) = 𝑀0 cos(𝛾𝐵1𝑡) 
 𝐓𝟐 excitation: 𝑀𝑥𝑦(𝑡) = 𝑗𝑀0 cos(𝛾𝐵1𝑡) 

 𝐓𝟏 relaxation: 𝑀𝑧(𝑡) = 𝑀0 − (𝑀0 −𝑀𝑧,𝑖𝑛𝑖𝑡𝑖𝑎𝑙)𝑒
−

𝑡

𝐓𝟏 

 𝐓𝟐 relaxation: 𝑀𝑥𝑦(𝑡) = 𝑀𝑥𝑦,𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑒
−

𝑡

𝐓𝟐 

k-space trajectory: 

 
𝐺 = velocity of k 

Laboratory frame 

 𝐓𝟏 excitation: 𝑀𝑧(𝑡) = 𝑀0 cos(𝛾𝐵1𝑡) 
 𝐓𝟐 excitation: 𝑀𝑥𝑦(𝑡) = 𝑗𝑀0 cos(𝛾𝐵1𝑡) 𝑒

−𝑗𝛾𝐵0𝑡 

 𝐓𝟏 relaxation: 𝑀𝑧(𝑡) = 𝑀0 − (𝑀0 −𝑀𝑧,𝑖𝑛𝑖𝑡𝑖𝑎𝑙)𝑒
−

𝑡

𝐓𝟏 

 𝐓𝟐 relaxation: 𝑀𝑥𝑦(𝑡) = 𝑀𝑥𝑦,𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑒
−

𝑡

𝐓𝟐𝑒−𝑗𝛾𝐵0𝑡 

Spin echo 

  
Angle linear interpolation 

Larmor frequency: 𝜔 = 𝜔0 + 𝛾𝐺𝑧𝑧;  𝑧 =
𝜔−𝜔0

𝛾𝐺𝑧
 Bandwidth: Δ𝜔 = 𝛾𝐺𝑧Δ𝑧 ⇒ 𝜔′ ∈ [𝜔 ±

1

2
Δ𝜔] 

Δ𝑘 =
1

FOV
  Δ𝜔 =

1

𝑘FOV
  FOV𝑥 =

2𝜋

𝛾𝑇𝐺𝑥
  FOV𝑦 =

2𝜋

𝛾𝑇𝑝Δ𝐺𝑦
  

 



Nuclear Imaging stuff 

𝑁(𝑡) = 𝑁0𝑒
−𝜆𝑡 𝐴(𝑡) = 𝜆𝑁0𝑒

−𝜆𝑡 𝑡1
2⁄
=

ln 2

𝜆
  ☺ 

𝜙(𝑥, 𝑦) =
1

4𝜋
∫

𝐴(𝑥,𝑦,𝑧)

𝑧2
𝑒−∫ 𝜇(𝑥,𝑦,𝑧′,𝐸)𝑑𝑧′

0

𝑧 𝑑𝑧
0

−∞
  𝐴(𝑥, 𝑦, 𝑧) = 𝐴𝑧0(𝑥, 𝑦)𝛿(𝑧 − 𝑧0) 

𝑍 = ∑𝑎𝑘  (𝑋, 𝑌) =
1

𝑍
∑𝑎𝑘(𝑥𝑘, 𝑦𝑘)  

 

Resolution: 𝑅𝐶(|𝑧|) =
𝑑

𝑙
(𝑙 + 𝑏 + |𝑧|) 

Gaussian Blurring PSF: ℎ𝐶(𝑥, 𝑦, |𝑧|) = 𝑒
−4 ln2

𝑥2+𝑦2

𝑅𝐶
2

 

𝜙(𝑥, 𝑦) =
𝐴𝑧0(𝑥,𝑦)

4𝜋𝑧0
2 𝑒

−∫ 𝜇(𝑥,𝑦,𝑧0,𝐸)𝑑𝑧
0

𝑧0 ∗ ℎ𝐶(𝑥, 𝑦, |𝑧0|)  

Sensitivity: 𝜀 =
𝑑4

16𝑙2(𝑑+ℎ)2
 

SNRintrinsic = √
number of detected photons

number of pixels
  SNR = contrast × √background photon fluence̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

 

SPECT stuff 

{ 
𝑥 = 𝑙 cos 𝜃 − 𝑠 sin𝜃
𝑦 = 𝑙 sin𝜃 + 𝑠 cos 𝜃

 

 

𝜙(𝑙, 𝜃, 𝑧) =
1

4𝜋
∫

𝐴(𝑥(𝑠),𝑦(𝑠),𝑧)

(𝑠−𝑅)2
𝑒−∫ 𝜇(𝑥(𝑠′),𝑦(𝑠′),𝑧) 𝑑𝑠′

𝑅

𝑠 𝑑𝑠
𝑅

−∞
  

Bold approxiamtion reconstruction (𝝁 = 𝟎): 

  𝜙(𝑙, 𝜃, 𝑧) = ∫ 𝐴(𝑥(𝑠), 𝑦(𝑠), 𝑧) 𝑑𝑠
∞

−∞
 

      = ∬𝐴(𝑥, 𝑦, 𝑧)𝛿(𝑥 cos𝜃 + 𝑦 sin𝜃 − 𝑙) 𝑑𝑥 𝑑𝑦  

  Ramp filtering: ℎ𝜃(𝑙, 𝑧) = 𝑐(𝑙) ∗𝑙 𝜙(𝑙, 𝜃, 𝑧) 

  Backprojection: 𝐴(𝑥, 𝑦, 𝑧) =
1

2𝜋
∫ ℎ𝜃(𝑥 cos 𝜃 + 𝑦 sin𝜃 , 𝑧) 𝑑𝜃
𝜋

0
 

 

PET stuff 

Attenuation: 𝑒−∫ 𝜇(𝑥(𝑠),𝑦(𝑠),𝑧) 𝑑𝑠
𝑅

−𝑅  Radioactivity: ∫ 𝐴(𝑥(𝑠), 𝑦(𝑠), 𝑧) 𝑑𝑠
𝑅

−𝑅
 

𝜙(𝑙, 𝜃, 𝑧) = 𝐶 × 𝑒−∫ 𝜇(𝑥(𝑠),𝑦(𝑠),𝑧) 𝑑𝑠
𝑅

−𝑅 × ∫ 𝐴(𝑥(𝑠), 𝑦(𝑠), 𝑧) 𝑑𝑠
𝑅

−𝑅
  

Attenuation correction: 𝜙𝑐(𝑙, 𝜃, 𝑧) = 𝜙(𝑙, 𝜃, 𝑧) × 𝑒∫ 𝜇(𝑥(𝑠),𝑦(𝑠),𝑧) 𝑑𝑠
𝑅

−𝑅  

= ∫ 𝐴(𝑥(𝑠), 𝑦(𝑠), 𝑧) 𝑑𝑠
𝑅

−𝑅
= ∬𝐴(𝑥, 𝑦, 𝑧)𝛿(𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝑙) 𝑑𝑥 𝑑𝑦  

 

Trigonometric identities 

sin2 𝑥 + cos2 𝑥 = 1 sec2 𝑥 − tan2 𝑥 = 1 csc2 𝑥 − cot2 𝑥 = 1 
sin𝑘𝑥

𝑥
= 𝑘 sinc

𝑘

𝜋
𝑥 ; sinc 𝑥 =

sin𝜋𝑥

𝜋𝑥
  

sin(𝑥 ± 𝑦) = sin𝑥 cos 𝑦 ± cos 𝑥 sin 𝑦 cos(𝑥 ± 𝑦) = cos 𝑥 cos 𝑦 ∓ sin 𝑥 sin 𝑦 

sin 2𝑥 = 2 sin 𝑥 cos𝑥 cos 2𝑥 = cos2 𝑥 − sin2 𝑥 = 1 − 2 sin2 𝑥 = 2 cos2 𝑥 − 1 

tan 2𝑥 =
2 tan𝑥

1−tan2 𝑥
  tan 3𝑥 =

3 tan𝑥−tan3 𝑥

1−3 tan2 𝑥
  tan 𝑥 =

sin2𝑥

1+cos2𝑥
=

1−cos2𝑥

sin2𝑥
= √

1−cos2𝑥

1+cos2𝑥
  

sin 3𝑥 = 3 sin𝑥 − 4 sin3 𝑥 cos 3𝑥 = 4 cos3 𝑥 − 3 cos 𝑥 

sin 𝑥 sin𝑦 =
1

2
[cos(𝑥 − 𝑦) − cos(𝑥 + 𝑦)]  

cos 𝑥 cos𝑦 =
1

2
[cos(𝑥 − 𝑦) + cos(𝑥 + 𝑦)]  

sin 𝑥 cos 𝑦 =
1

2
[sin(𝑥 + 𝑦) + sin(𝑥 − 𝑦)]  

sin 𝑥 ± sin𝑦 = 2 sin
𝑥±𝑦

2
cos

𝑥∓𝑦

2
  

cos 𝑥 + cos𝑦 = 2 cos
𝑥+𝑦

2
cos

𝑥−𝑦

2
  

cos 𝑥 − cos𝑦 = −2sin
𝑥+𝑦

2
sin

𝑥−𝑦

2
  

 


